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0. Introduction 
In this paper we 
every isotopy class 
determine a class of surfaces which includes representatives of 
of one-sided surfaces in a Seifert fibered space. Then we study 
the problem of when two surfaces in this class are isotopic. We would like to thank 
Allan Edmonds and Chuck Livingston for the copious amounts of time they gave 
the author while he was doing this research. We would also like to thank the referee 
for the many helpful suggestions he made concerning the text. 
In [7] Waldhausen gave a structure theorem for two-sided incompressible, boun- 
dary incompressible surfaces in S’-bundles. He showed that if p: M + F is an 
orientable S1-bundle over a compact orientable surface, and G s M is a two-sided 
incompressible, boundary incompressible surface, then there is an isotopy of M 
carrying G to G’, so that either p-‘(p( G’)) = G’ or pIG8 is a covering map. In the 
first case we say that G’ is vertical; in the second case we say that G’ is horizontal. 
Think of a Seifert fibered space M as an S’-bundle A? with some solid tori {z} 
glued into its boundary. A pseudovertical surface is a one-sided surface K E M such 
that K n fi is vertical and K n T, is either empty or a one-sided incompressible 
surface. A one-sided surface K E M is pseudohorizontal if K n fi is horizontal and 
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K n Ti is either a family of meridian disks or a one-sided incompressible surface. 
We then prove the following theorem: 
Theorem 2.5. Every closed one-sided incompressible surface in a Seifert fibered space 
is isotopic to a pseudovertical surface or a pseudohorizontal surface. 
In Section 3 we extend our investigation in two directions. In Theorems 3.1 and 
3.2 we study pseudovertical surfaces. We begin by showing that a pseudovertical 
surface in a Seifert fibered space having at least 4 singular fibers or a decomposition 
space of positive genus is incompressible. Then we show that two pseudovertical 
surfaces are isotopic if and only if their vertical parts are isotopic in the S’-bundle 
associated with M. This leads us to 
Corollary 3.3. Two pseudovertical surfaces in a Seifert jibered space are homotopic if 
and only if they are isotopic. 
We then conclude with an application of the structure theorem. We prove that a 
Seifert fibered space M with orientable decomposition space and a single singular 
fiber contains a one-sided incompressible surface if and only if the Euler class of 
M is nonzero and even. Furthermore, that surface, if it exists, is unique up to 
homeomorphism. 
1. Preliminaries 
All spaces will be assumed to possess a fixed piecewise linear structure, and all 
mappings will be assumed to be piecewise linear. A surface is a connected compact 
two-manifold (with or without boundary). A family of disjoint surfaces will be 
called a system of surfaces. If M is a three-manifold and the surface F is contained 
in M, it will be assumed that F is properly embedded or F E aM, unless we indicate 
otherwise. 
Two surfaces, F and G, are parallel if ~IF = aG and there exists an embedding 
L : F x I + M such that L( F x (0)) = F, and L( F x { 1) u 8F x I) = G. If F is properly 
embedded in M and G is a surface in 8M such that F is parallel to G, then we 
say that F is boundary parallel. The word parallel has a similar meaning when it is 
applied to arcs and curves in a surface. 
All three-manifolds considered in this paper will be irreducible. That is, it will 
be assumed that if S c M is an embedded sphere, then S bounds a ball B E M. We 
use the words ‘incompressible’ and ‘boundary incompressible’ in the geometric 
sense. We say that a surface FE M is incompressible if F is not a sphere, and every 
embedded disk D cz M such that aD = D n F has the property that CUD bounds a 
disk on F. If G c aM, then F is boundary incompressible with respect to G if: 
(i) No boundary curve of F bounds a disk in G; and 
(ii) If D is an embedded disk in M such that aD consists of two arcs a = aD n F 
and b = ?JD n G, then a is a boundary parallel arc on F. 
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It is worth noting that most of the incompressible surfaces K that are studied in 
this paper do not have the property that i,: r,(K)+ V,(M) is injective. 
Let F be a surface in the three-manifold M. Let D s M be an embedded disk 
(that is necessarily not properly embedded nor contained in 8M) that intersects F 
transversely in a single arc a that is contained in aD. Let b be the arc on aD that 
is complementary to a. A disk isotopy of F along D is an isotopy that moves the 
arc a to the arc b, so that it fixes all points outside of a small regular neighborhood 
of D that intersects F in a small regular neighborhood of a. 
Let (Y and p be simple closed curves on a surface F. The geometric intersection 
number of cz and /3, denoted i(o, /3), is the minimum cardinality of a’n /3’ over all 
pairs a’, p’ such that a’ is isotopic to cy and /3’ is isotopic to p. It is a theorem of 
Epstein [2] that a and p realize their geometric intersection number if and only if 
no subarc u of (Y and subarc b of /3 form the boundary of a disk DG F such that 
Dn(au/3)=aub. 
Let F and G be properly embedded systems of surfaces in a three-manifold M. 
We say that F and G intersect normally (or F and G are normal) if aF and 8G 
realize their geometric intersection number in aM, F is transverse to G and F n G 
has the minimum number of components among all pairs F’, G’ such that F’ is 
isotopic to F and G’ is isotopic to G. Given two systems of surfaces it is always 
possible to isotope either one of them so that they intersect normally. First make 
the number of components of F n G minimal, then use Epstein’s theorem to isotope 
away extra points of intersection of aF and aG without increasing the number of 
components of F n G. The following lemma of Waldhausen allows us to use normal 
intersection as a tool: 
Normal Intersection Lemma [7, Theorem 1.81. Let M be irreducible. Suppose F and 
G are two systems of surfaces in M. Suppose G is incompressible, F is two-sided and 
F intersects G normally. Let iI? = -(M - N(F)) and 6 = G n 16. Then: 
(1) d is incompressible in 6; 
(2) No connected component of G is parallel to a subsurface of -(aA? -JM); 
(3) It is possible that 6 is boundary compressible with respect to -(ati - aM), but 
tfthis is so, then both endpoints of a deJining arc lie in the same boundary curve 
of 6. 
A meridian disk in a solid torus T is a properly embedded boundary incompressible 
disk in T. There is only one isotopy class of meridian disks. 
Choose an oriented meridian m and an oriented longitude 1 for aT Given a 
nontrivial oriented simple close curve c we can write down an ordered pair (p, q) 
of relatively prime integers (p, q) where [c] = p[ I] + q[m]. When we use the phase 
‘a (p, q)-curve’, we implicitly assume that p and q are relatively prime, and we 
mean a representative of the unique isotopy class of simple closed curves representing 
the homology class p[ l] + q[ m]. 
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We will assume that the reader is familiar with the notion of an S’-bundle, and 
the standard notation associated with S’-bundles. In this work every S’-bundle will 
have an orientable total space M, and a compact orientable surface as base space. 
Let K c M be a system of surfaces. We say that K is vertical if K is saturated with 
respect to p. We say that K is horizontal if pIK : K + F is a covering map. 
A fibered solid torus of type (p, q), with p and q relatively prime, is a solid torus 
that has been fibered as follows. Let h : { 1) x D2+ (0) x D2 be given by h( 1, z) = 
(0, (2kq/p)z). Using h as a gluing map, we get T = I x D2/-. The fibers are the 
images of I X (2) u I X {e(2”iq’P)z} u * . . when z # 0 and I x (0) when z = 0. We call 
the fiber that is the image of I x (0) the singular$ber, and we say that the index of 
the singular fiber is p. A Seifert jibered space with singular fibers of type (pi, qi) := 1 
over an orientable surface F may be constructed as follows. Let { Di}:=, be a family 
of disks in F that are pairwise disjoint. Let P = -(F - lJy=, Di) and let p : A?J + 6 
be an oriented Si-bundle over fi For each i glue a fibered solid torus 7; of type 
(pi, qi) into p-‘(aDi) so that fibers go to fibers. We will denote a Seifert fibered 
space obtained this way (with the obvious decomposition map) by p : M + F. Notice 
that M has not been uniquely defined. 
A pseudovertical surface in M is a closed one-sided surface K c M such that 
K n it? is a vertical annulus whose boundary lies in distinct boundary components 
p-t(8Di) and p-‘(aDj) of 6; furthermore K n T, and K n T; are one-sided incom- 
pressible surfaces in T, and 7;L. A pseudohorizontal surface in M is a closed one-sided 
surface K E M so that K n M is horizontal and K A Ti is either a family of meridian 
disks or a one-sided incompressible surface in T,. 
2. The structure theorem 
In this section we will prove that a one-sided incompressible surface in a Seifert 
fibered space is isotopic to a pseudohorizontal surface or a pseudovertical surface. 
To do this we will first study one-sided incompressible surfaces in the solid torus, 
and then one-sided incompressible surfaces in S’-bundles. 
Lemma 2.1. Let M be an orientable three-manifold with boundary consisting of a single 
torus. Let K be a one-sided, boundary compressible, incompressible surface in M. Then 
aK is a single nontrivial simple closed curve in aM. 
Proof. Suppose the boundary of K is a family of simple closed curves /3r,. . . , /3” 
where n > 1. If some pi is trivial in aM, then K must be a disk, which contradicts 
our hypotheses. Hence the family of curves p,, . . . , /3,, is made up of nontrivial 
curves that are parallel to one another. Let D be a boundary compression of K. 
Suppose that a and b are arcs such that aD = a u b, a = D n K, and b = D n 8M. 
If the ends of b lie in the same component of aK, then there is an arc c of JK such 
that b u c bounds a disk D’ in aM. A pushoff of D u D’ forms a compression of 
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K. Hence we may assume that the ends of b lie in distinct components of aK, say 
pi and &. The boundary of a regular neighborhood of /3, u p2 v b in aM consists 
of three simple closed curves b,, 6, and d, where bi runs close to pi, and d bounds 
a disk on 8M. Using aN(D) and K as guides, we may push the curve d into a 
curve d’ on K bounding some disk D” in M with D”n K = d’. This curve d’ is the 
frontier (in K) of a regular neighborhood of a u p1 u p2. Since K is incompressible 
and c’ = D” n K = 3 D”, c’ bounds a disk D on K. We see then that K = 
N(a u /3, u&) u D; thus K is an annulus. Any annulus in an orientable three- 
manifold is two-sided, which contradicts our hypotheses. Hence n = 1 and K has 
a single nontrivial curve as boundary. 0 
In [6], Rubinstein proves that any two incompressible surfaces in a lens space 
are isotopic. On the way to doing this he shows that up to isotopy, there is only a 
single one-sided incompressible surface in the solid torus having a given (2k, q)- 
curve as boundary. Any one-sided incompressible surface in the solid torus can be 
built up from a meridian disk by taking band connected sums of D with itself. In 
[l] a recursive formula is given for the least genus surface having a given (2k, q)- 
curve, with k f 0, as boundary. Conjugating by a homeomorphism of the solid torus 
if necessary, we may assume that k> q > 0; then N(2k, 1) = k and N(2k, q) = 
N(2( k - Q), q - 2m) + 1 where Q is the smallest positive integer so that there exists 
an integer m such that Qq =2km * 1. By Rubinsteins work N(2k, q) is the genus 
of an incompressible surface in the solid torus having a single (2k, q)-curve as 
boundary. 
Let K G T be a one-sided incompressible surface having a (2k, q)-curve as 
boundary. In order to prove that K is unique up to isotopy Rubinstein finds a 
‘normal’ form for K. To be specific, there exist concentric solid tori T,, c T,_, c 
Tn_2 c . * . E To = T such that -(T, - T,,,) = Ai is homeomorphic to S’ x S’ x I. The 
intersection of K with T,, is a miibius strip, and the intersection of K with Ai is a 
once punctured mobius strip. After a homeomorphism of Ai the surface K n Ai is 
isotopic to the surface pictured in Fig. 1. 
Corollary 2.2. A one-sided incompressible surface in a solid torus has as boundary a 
single (2k, q)-curve with k # 0 as boundary. Conversely every (2k, q) -curve c with 
k f p is the boundary of a one-sided incompressible surface in the solid torus. 
Proof. First we will show that the boundary of a one-sided incompressible surface 
K c T has a single (2k, q)-curve with k # 0 as boundary. Letting K and a meridian 
disk D intersect normally, if the intersection JK n dD = 0, the incompressibility of 
K and the fact that K lies in a three-ball implies that K is a disk, a contradiction. 
Hence K n D # 0, and is made up of arcs that are properly embedded in D. An 
outermost such arc splits off a disk which is a boundary compression of K. By 
Lemma 2.1, dK has a single component, and that component is nontrivial in aT. 
Since [aK] is in the kernel of H,(dT; Z,) + H,( T; Z,) we have that aK is a (2k, q)- 
curve. If k = 0, then K must be a meridian disk, which is two-sided. Thus k # 0. 
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Fig. 1. 
On the other hand, if c is a (2k, q)-curve with k#O, then [C]E 
ker( Hi(aT; Z,) + H,( T; Z,)). Hence there exists a surface in T having c as boundary. 
Let K be of least genus amongst all such surfaces. Since [c] G ker( H,(aT) + H,(T)) 
we have that K is one-sided. Since K is of least genus it is incompressible. Cl 
Lemma 2.3. Let K be a one-sided incompressible surface in the solid torus T Let V 
be a vertical annulus in 8 T with core a vertical longitude v, such that K n V is a family 
of nontrivial arcs on V having cardinality ([ak] . [VI\. Then K is boundary compressible 
with respect to V. 
The verity of Lemma 2.3 is easily established from the structure of K n A,,. It 
should be noted that K is not boundary compressible with respect to every annulus 
in cYT. If the slope of the core of an annulus V is too close to the slope of aK, and 
aK intersects V minimally, then aK is boundary incompressible with respect to V. 
Theorem 2.4. Let F be an orientable surface with boundary. Let p: M + F be an 
orientable S’-bundle. If K c M is a one-sided incompressible surface, then K is boundary 
compressible. 
Proof. Let {co be a family of essential arcs on F that are pairwise disjoint, and so 
that F cut along {ci} is a disk. For each i, let Ai =p-‘(ci). Note that {Ai} is a family 
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of pairwise disjoint vertical annuli. For each i, let N(A,) be a small vertical regular 
neighborhood. Notice that !t? = -(M - Ui N(A<)) is a solid torus and ~,a : fi + P 
is still an S’-bundle. Hence there is a fiber-preserving homeomorphism h : S’ x II* + 
Ii?. 
To prove the theorem we must isotope K so that it lies in a ‘special’ position 
with respect to the annuli. First isotope K so that K and each Ai intersect normally. 
Then isotope K so that near Ai it remains unmoved and so that each component 
of dK is either vertical or horizontal with respect to pIaM : dM + dF. Now that K is 
nice near 8M and Ui Ai, we may cut. Let 6l= -(M - N(U, Ai) and k = 
-(K - N(lJLAi)). Since K and U Ai intersect normally, we know that the system 
of surfaces K is incompressible in G. An incompressible surface in the solid torus 
is either a disk with trivial boundary in ali?, a meridian disk, a boundary parallel 
annulus whose boundary curves are not (0, I)-curves, or a one-sided incompressible 
surface whose boundary curve is a (2k, q)-curve with k # 0. There are five cases to 
consider. The first three end in contradictions, and in the last two we will display 
boundary compressions. 
Case 1. Some component C of ai is homotopically trivial in a$. If C lies totally 
inside dN(A,) for some i, then K did not intersect Ai normally, but it is possible 
that C is not contained in any dN(A,). By a connectedness argument, either C is 
vertical or horizontal. A trivial curve on a torus fibered by circles cannot be horizontal 
or vertical. Hence such a C cannot occur. 
Case 2. Some component of ai is vertical. Since no components of ak? are trivial, 
we have that all components of al? are vertical. Since fi is an S’-bundle, its fibers 
have index 1. Hence every component of J? must be an annulus. We may isotope 
i rel 82 so that it is vertical. Hence K is isotopic to a vertical surface in M. Since 
M is an orientable S’-bundle over an orientable surface, the only vertical surfaces 
are annuli and tori. Therefore K is two-sided, which is in contradiction with our 
hypotheses. 
Case 3. Some boundary curve of I? is a meridian curve. In this case every 
component of k is a meridian disk. Since M is an orientable S’-bundle over an 
orientable surface, the regluing maps for &? preserve orientation on the fibers. 
Therefore we can define a nonvanishing normal vectorfield on K. This contradicts 
the one-sidedness of K. 
Case 4. Some component of k is a boundary parallel incompressible annulus. 
Let B G dfi be a vertical annulus that is a component of -(al\ll -aN(U, Ai)). An 
annulus 2 in I? is said to be outermost if a product region split off from fi by 2 
is disjoint from the other components of k. Clearly there is such an outermost 
annulus 2. Let D be a boundary compression of A. Since & is not vertical, we 
may isotope D until 8D consists of an essential arc in i and an arc in B. Gluing 
fi back together we get a boundary compression of K in M. 
Case 5. Since we have eliminated all cases with two-sided incompressible surfaces 
in the solid torus, we have that Z? is a system of one-sided incompressible surfaces. 
It is impossible to embed disjointly two one-sided incompressible surfaces in T, 
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hence g has only one component. Since M is an S’-bundle, we may assume that 
the induced fibration of fi is by (1,0) curves. Since ae is horizontal, the hypotheses 
of Lemma 2.3 are satisfied for any vertical annulus B c -(a$ - aN(A,)). This shows 
that K is boundary compressible in M. 0 
We are now in a position to prove our structure theorem. 
Theorem 2.5. Every closed one-sided incompressible surface in a Seifert Jibered space 
is isotopic to a pseudohorizontal or pseudovertical surface. 
Proof. Let M be a Seifert fibered space, and let p : M + F be the projection map. 
Denote the associated S’-bundle p : G -+ P and let { ?;} be saturated regular neigh- 
borhoods of the singular fibers. Let K G M be a one-sided incompressible surface. 
Isotope K so that it intersects {aT} normally. Let i = $ n K, where fi = 
-(M - IJ i Tj). If i has a boundary compression, use its defining disk D to perform 
a disk isotopy of K, so that the arc Dn I? is pulled into Ti. If a is the arc in aD 
that is complementary to D n k, then the ends of a approach a single component 
of K n dTi from opposite sides. (If not, D can be augmented by a disk in ?)T, to 
form a compression of K.) Consequently, the disk isotopy does not increase the 
number of components of K n aTi. Thus K still intersects {aTi} normally. This 
operation increases the Euler characteristic of i by one. Hence after a finite number 
of repetitions k is no longer boundary compressible. By Theorem 2.4, we know 
that i is orientable. By Theorem 2.7 of [7], k may be isotoped to be horizontal 
or vertical. By abuse of notation we will refer to the isotoped surface as K. Since 
K and lJ aT, intersect normally, no component of K n Ti is an incompressible 
annulus. The surface K is connected, therefore it is pseudovertical or 
pseudohorizontal. 0 
3. Pseudoverticals and pseudohorizontals 
In this section we will study the compressibility of pseudovertical surfaces and 
the isotopy problem associated with them. We will go on to use our structure theorem 
to study one-sided incompressible surfaces in Seifert fibered spaces with only one 
singular fiber. 
Although every one-sided incompressible surface in a Seifert fibered space is 
isotopic to a pseudovertical surface or a pseudohorizontal surface, it is not the case 
that pseudovertical surfaces and pseudohorizontal surfaces are always incompress- 
ible. We will first display a compressible pseudo-vertical surface and then show that 
when M is a Seifert fibered space with at least 4 singular fibers, or a decomposition 
space of positive genus, then pseudovertical surfaces in M are incompressible. We 
will finish our study of pseudovertical surfaces by showing that two pseudo-vertical 
surfaces K, K’ in M are isotopic if and only if K n A?l and K’ n 2 are isotopic 
through vertical surfaces, (where G = -(M -iJi r)). 
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Let us fix some notation that we will keep for the remainder of this section, Let 
k be a compact orientable surface. Let p : k? + F be an S’-bundle over l? A coordinate 
system for 6 is a family of oriented curves {b,} and {hi} such that b, and hi lie in 
the same boundary component of I’$ hi is a fiber, and bi intersects hi once. Also, 
if i #j, then bj and b, lie in separate boundary components. Furthermore [b,] +. . . + 
[b,,] = 0~ HI(G); and for all i and j, [hi] = [h,]. 
Here is an example of a compressible pseudovertical surface in a Seifert fibered 
space over the sphere having three singular fibers. Let P be a planar surface with 
three boundary components. Let b, , b2, b,, h, , h2, h, be a coordinate system for 
an orientable S’-bundle p : A% + P. for 1 s is 3, let T, be a solid torus. LetJ; : aT, + dP 
be a homeomorphism such that J;#([ pi, Si]) = [h,] and f;+([ ri, s,]) = ([ bi]) where 
(;: 1:) =(5” :>y (;: :f)=(: 2) and (;: :I)=(: :>. 
Let M = $ LJf; xi. M contains a two sided incompressible surface F that intersects 
T, in one meridian disk, T2 in three meridian disks and T3 in two meridian disks. 
In Fig. 2 we picture F n -(M - T,). The region inside the large swelling, bounded 
by the dotted line is F n T, . The regions bounded by the dotted lines in the three 
smaller swellings are F n T2. The region outside the dotted lines is F n Ik We will 
now construct the pseudovertical surface K. Let A be a vertical annulus in $I having 
one boundary curve in 8 T, and one boundary curve on a T2. By the construction of 
M, aAnaT, is a (6, l)-curve on aT, and aAnJT, is a (2, l)-curve on aT,. Let K, 
be the one-sided incompressible surface in T, pictured in Fig. 3(a) having aA n aT, 
as boundary. Let K2 be the one-sided incompressible surface in T2 pictured in 
Fig. 2. 
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Fig. 
Fig. 3(b) having ?IA n ~3 T2 as boundary. Let K = A u K1 u K2. From our construction 
it is clear that we can isotope F so that F n K is the solid line in Fig. 2; just draw 
F into Figs. 3(a) and (b) in a careful manner. Notice that F A K and a component 
x of F n d T3, bound an annulus in Fig. 2. That annulus along with a meridian disk 
T3 bounded by x form a compression of K. If not, we could isotope K so that 
KnF=@ 
We have also constructed compressible pseudovertical surfaces in lens spaces 
that have been fibered with two singular fibers. But if the ambient space is more 
complicated this cannot happen. 
Theorem 3.1. Let M be a Seifert jibered space having at least four singular fibers 
or a decomposition space of positive genus. Any pseudo-vertical surface K c M is 
incompressible. 
Proof. Let TI and T2 be saturated regular neighborhoods of singular fibers such 
that K n Ti is a one-sided incompressible surface, and -(K - T, u T2) is a vertical 
surface. Let N be a vertical regular neighborhood of K n I?, where A? = 
-(M -(T, u T2)). Let X = N u T, u T2. Since X is a Seifert fibered space with two 
singular fibers, aX is incompressible in .K Since the complement of X is either 
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a Seifert fibered space with more than one singular fiber, or has base of positive 
genus, 8X is incompressible in the complement of K Therefore &IV is incompressible 
in M. 
Let D be a disk in M with JD c K. Without moving aD, make D n &N have as 
few components as possible and still be transverse. Using an innermost disk 
argument, we see that D n AN = 0. Hence K must be compressible in JV. 
Since K n ~3 T, must be a curve of even index for i = 1,2, we have that H,(X; B,) = 
Z,. A least genus surface K’ representing the generator is a one-sided incompressible 
surface in the Seifert fibered space X By Theorem 2.5 we may assume that K’ is 
isotopic to a pseudovertical surface or a pseudohorizontal surface. Since K’ is a 
closed surface in a Seifert fibered space with boundary, it is a pseudovertical surface. 
After cutting X open on a vertical annulus in X to obtain T, v T2, the uniqueness 
up to isotopy of one-sided incompressible surfaces in the solid torus having a given 
curve as boundary guarantees that K’ is isotopic to K in X Therefore K is 
incompressible. 0 
Notice that we have also showed the uniqueness up to isotopy of closed one-sided 
incompressible surfaces in &“. We will use this fact in the proof of our isotopy 
classification theorem for pseudovertical surfaces. We will show that two pseudover- 
tical surfaces are isotopic if and only if their vertical parts are isotopic in the 
associated S’-bundle. For lens spaces fibered with two singular fibers and Seifert 
fibered spaces over the sphere with three singular fibers the theorem is easy to prove 
and is therefore omitted. Hence for the remainder of the discussion, let M be a 
Seifert fibered space having at least 4 singular fibers, or a base space of positive 
genus. Let p : A? + 6 be the associated S’-bundle, and let { Ti} be saturated regular 
neighborhoods of the singular fibers. Given a pseudovertical surface K E M we can 
obtain a an essential arc k on F by projecting the vertical part of K down to F. 
We will actually prove the following. 
Theorem 3.2. Two pseudovertical surfaces Ki (i = 1,2) in M are isotopic if and only 
if the projections of Ki n k are isotopic in F. 
As a corollary of the proof of Theorem 3.2. we also have the following. 
Corollary 3.3. Two pseudovertical surfaces in a Seifert fibered space are homotopic tf 
and only if they are isotopic. 
To prove Theorem 3.2 we will use a theorem of Jaco which we now state for 
completeness. 
Theorem 3.4. [4, VlI.91. Let M be a liaken-manifold. Suppose that the connected 
three-manifold pair (M’, T’) c (M, aM> is well embedded in M. Then the covering 
space A of M corresponding to the conjugacy class of r,(M’) in r,(M) admits a 
manifold compactijication to a Haken-manifold. 
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By well embedded Jaco means that M’ n dM = T’ and FrM( M’) is incompressible 
in M. He forgets to mention that the closure of the complement of the lift of M’ 
to fi in the manifold compactification of 6 is homeomorphic to FrM( M’) x I. 
Proof of Theorem 3.2. Let M be a Seifert fibered space. Let T, and T2 
T2 having vertical boundaries with a vertical annulus in the complement of T, 
and T2. Let X be the union of Tl and T2 and a vertical regular neighborhood of 
the vertical annulus part of K. Let p : Ii? + M be the covering of M corresponding 
to .M. By Theorem 3.4, we have that 6 admits a manifold compactification C&f. 
By abuse of notation we will refer to the unique lift of X to Ck as JY. Since CI6i 
is irreducible and the fundamental group of -( Cfi -K) is carried by 8X= S’ x S’, 
we have that -(C& -X) = S’ x S’ x I. Clearly K lifts to CG via its inclusion in X 
If K’ is a pseudovertical surface that is homotopic to K we may lift K’ to Ch?. We 
will refer to the lifts as K and K ‘. 
Since K’ is homotopic to K, it is built from one-sided incompressible surfaces 
inside Tl and T2. Hence we may assume that K’n -(Cl\;r -X) is vertical. By [8] 
we know that all components of K’ n -(M - X) are boundary parallel to surfaces 
1 
in &V. Let A be an outermost annulus in K’ n -(CM - X). (Here outermost means 
that if T is the product region between A and a subsurface of &V, then T n K’ = A.) 
Let T be the product region between A and a subsurface A’ of&V. If p-‘(M) n T = 
A’, let A” = A’. If (p-‘(M) n T) -A’ # 0, let A” be a component of p-‘(&V) n T - A’ 
that bounds a product region T” with a subsurface of A such that T” n pp’(d.N) = A”. 
By construction, play: arl + M is one to one. Since pIT”: T”+ M is a local homeo- 
morphism, this implies that Plr,, is an embedding. We have shown that if K’ n 
(M -.N) is nonempty then we can find a product region between some subsurface 
of K’ and a subsurface of a.&“. Thus we may assume that K’G N. From our previous 
discussion of surfaces in X we know that K is isotopic to K’. It is clear that this 
isotopy can be performed so that projection yields an isotopy of crosscuts on i? 0 
Pseudohorizontal surfaces are not nearly so well behaved as pseudo-vertical 
surfaces. The problem of determining when they are incompressible seems more 
difficult to understand. Furthermore, we have constructed an example of a Seifert 
fibered manifold M with pseudohorizontal surfaces K and K’ that are isotopic 
although their horizontal parts are not isotopic in fi. 
As our final topic we will apply our structure theorem to determine the existence 
and uniqueness up to homeomorphism of one-sided incompressible surfaces in 
Seifert fibered spaces with one singular fiber and in orientable S’-bundles over a 
closed orientable surface. According to Neumann and Raymond [5], the Euler 
number of a Seifert fibered space with singular fibers of type (ri, si), i = 1,. . . , n, is 
--C:=, ri/si. We say that the Euler number is even if when it is written as a reduced 
fraction the numerator is even. 
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Theorem 3.6. Let M be a Seifertjibered space with one singularfiber, or an orientable 
S’-bundle with closed orientable base space F. There exists a one-sided incompressible 
surface in M ifand only ifp : M + F has nonzero even Euler class. Up to homeomorphism 
this surface is unique. 
Proof. First we will prove the existence, then the uniqueness up to homeomorphism. 
If M is an S’-bundle, regard any fiber t as a singular fiber, and let T be a vertical 
regular neighborhood of t. Otherwise t will be the singular fiber and T a vertical 
regular neighborhood. Let $ = -(M - T) and P = -(F -p( T)). Let b,, h, be a 
coordinate system for fi. Let {ci, di} be a standard set of representative curves for 
a basis of the first homology of a section of A?. Then H,( 6) = ([h,], [Ci], [di]). Let 
f: aT + afi be a gluing map that yields M. For some pair of curves (p, q) and 
(r,s)onaT,we havef,([p,q])=[h,] andf,([r,s])=[b,]. Weshallseethat H,(M) 
has two-torsion if and only if r is even and nonzero. From the Mayer-Vietoris 
sequence, if H,(M) has two-torsion, then HZ( M; Z,) has a nonzero class that cannot 
be represented by an orientable surface. Let K be a least genus representative of 
that class. Then K is a one-sided incompressible surface. If K c M is a one-sided 
incompressible surface, then by Theorem 2.5 K is isotopic to a pseudovertical surface 
or a pseudohorizontal surface. Since M has but one singular fiber, K is isotopic to 
a pseudohorizontal surface. Hence we may assume that K is pseudohorizontal. 
There is a unique isotopy class of simple closed curves on C?A? that bound an 
orientable surface in I’% Hence K n aT is in that class. It is in fact part of a coordinate 
system for A%. Since it bounds a one-sided incompressible surface in T, we have 
that it must have even, nonzero index in T. Its index in T is just r, hence the Euler 
class of M is even and nonzero. 
Now we prove uniqueness up to homeomorphism. Suppose that M is a Seifert 
fibered space with one singular fiber. Let H, H’ be one-sided incompressible surfaces 
in M. We may assume that H and H’ are pseudo-horizontal surfaces. Furthermore, 
we may assume that H n aT and H’n aT are disjoint. Let A% = -(M - T), fi = H n 
6, and fit = H’n A?. Make 2 and I%’ intersect normally without moving afi and 
afit. Notice that 6 n fit is made up of simple closed curves. If c is a component 
of fi n fit, a vertical Dehn twist along the vertical torus through c can be performed 
so as to map fi’ to a surface fi” so that fir’ is isotopic relative to its boundary to 
a surface fi”’ that intersects fi normally and such that kn 6 has fewer components 
than 6’n fi. Hence we may assume that fi and 6’ are disjoint. If we cut fi along 
& we get I x F, and fi is a horizontal surface. Hence fi is isotopic to fi’. By the 
uniqueness of a one-sided incompressible surface in T having a given boundary 
curve (see ([RI), we have that H is isotopic to H’. This shows that up to homeo- 
morphism there can be at most one one-sided incompressible surface in a Seifert 
fibered space having one singular fiber. 0 
Using the intersection form . : H2( M; Z,)O H2( M; Z,) + HI(M; Z,), it can be 
shown that if the base space of M is a closed surface of positive genus, and M has 
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nonzero even Euler class, then there is more than one isotopy class of one-sided 
incompressible surfaces in M. 
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